Hopf-Galois Structures on Separable Field Extensions
of Degree pq

Andrew Darlington

Andrew Darlington (University of Exeter) Hopf-Galois Structures on Separable Field Exi



Definitions

Let L/K be a field extension.

drew Darlington (University of Exeter) Hopf-Galois Structures on Separable Field Exi



Definitions

Let L/K be a field extension. A K-Hopf algebra H is a K-vector space
equipped with five K-linear maps i, ¢, A, €, S (multiplication, unit,
comultiplication, counit, antipode) such that (H, u,¢, A €) is a
K-bialgebra.

Andrew Darlington (University of Exeter) Hopf-Galois Structures on Separable Field Exi 1/37



Definitions

Let L/K be a field extension. A K-Hopf algebra H is a K-vector space
equipped with five K-linear maps i, ¢, A, €, S (multiplication, unit,
comultiplication, counit, antipode) such that (H, u,¢, A €) is a
K-bialgebra.

We say that H gives a Hopf-Galois structure on L/K if:

Andrew Darlington (University of Exeter) Hopf-Galois Structures on Separable Field Exi 1/37



Definitions

Let L/K be a field extension. A K-Hopf algebra H is a K-vector space
equipped with five K-linear maps i, ¢, A, €, S (multiplication, unit,
comultiplication, counit, antipode) such that (H, u,¢, A €) is a
K-bialgebra.

We say that H gives a Hopf-Galois structure on L/K if: H acts on L such
that Vhe Hx,y € L,

A(h)-(x®y) =Y (ha)-x) @ (he) - y)
(h)

Andrew Darlington (University of Exeter) Hopf-Galois Structures on Separable Field Exi 1/37



Definitions

Let L/K be a field extension. A K-Hopf algebra H is a K-vector space
equipped with five K-linear maps i, ¢, A, €, S (multiplication, unit,
comultiplication, counit, antipode) such that (H, u,¢, A €) is a
K-bialgebra.

We say that H gives a Hopf-Galois structure on L/K if: H acts on L such
that Vhe Hx,y € L,

A(h)-(x®y) =Y (ha)-x) @ (he) - y)
(h)

and the K-linear map 0 : L® L — Hom(H, L), (x ® y)(h) = x(h-y) is
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Definitions

Let L/K be a field extension. A K-Hopf algebra H is a K-vector space
equipped with five K-linear maps i, ¢, A, €, S (multiplication, unit,
comultiplication, counit, antipode) such that (H, u,¢, A €) is a
K-bialgebra.

We say that H gives a Hopf-Galois structure on L/K if: H acts on L such
that Vhe Hx,y € L,

A(h)-(x®y) =Y (ha)-x) @ (he) - y)
(h)

and the K-linear map 0 : L® L — Hom(H, L), 8(x ® y)(h) = x(h-y) is
bijective.

The classic example of a Hopf-Galois structure on a Galois extension with
Galois group G is that given by the group-algebra K[G].
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Byott's translation

L/K be a finite separable field extension. E the normal closure of L/K,
G = Gal(E/K), G' = Gal(E/L), and X = G/G".
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Byott's translation

L/K be a finite separable field extension. E the normal closure of L/K,
G = Gal(E/K), G’ = Gal(E/L), and X = G/G’.

Then (by Greither & Pareigis [GP87]) there is a bijective correspondence
between Hopf-Galois structures H on L/K, and regular subgroups N of

Perm(X) normalised by the image of the left translations A(G):
H = E[N]°.
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Hopf-Galois structure.

Andrew Darlington (University of Exeter) Hopf-Galois Structures on Separable Field Exi

2/37



Byott's translation

L/K be a finite separable field extension. E the normal closure of L/K,
G = Gal(E/K), G’ = Gal(E/L), and X = G/G’.

Then (by Greither & Pareigis [GP87]) there is a bijective correspondence
between Hopf-Galois structures H on L/K, and regular subgroups N of
Perm(X) normalised by the image of the left translations A(G):

H = E[N]°.

We say that the abstract isomorphism type of N is the type of the
Hopf-Galois structure.

Theorem 1.1 (Byott 1996)

There is a bijection between

N ={a: N — Perm(X) | « inj. hom. s.t. a(N) is regular}, and
G={B:G— Perm(N) | B inj. hom. s.t. B(G') = Stab(1p)} .

a(N) is normalised by \(G) iff 5(G) is contained in Hol(N).
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Counting formula

Lemma 1.2 (Byott 1996)

Let e(G, N) = #HGS of type N which realise G,

¢
e'(G,N) = HI\/I < Hol(N) transitive | M = G s.t. ¢(Staby(1n)) = G’H.

hen |Aut(G, G")|
ut
G.N)="""222"J1 _ J(G.N).
e(G, V) |Aut(N)] ¢(G,N)

Aut(G, G') = {0 € Aut(G) | 6(G') = G'} .
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Strategy

The strategy of categorising and counting Hopf-Galois structures becomes:
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The strategy of categorising and counting Hopf-Galois structures becomes:
e Give a characterisation for the groups N we want to study.

e For each N, compute the transitive subgroups G of Hol(N) (NB: for a
Galois extension, |G| = |N|, so look at regular subgroups).
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e Give a characterisation for the groups N we want to study.

e For each N, compute the transitive subgroups G of Hol(N) (NB: for a
Galois extension, |G| = |N|, so look at regular subgroups).

e Determine which G are isomorphic as permutation groups (that is, for
two such groups Gi, Gy, there is an isomorphism between them which
takes Stabg, (1y) to Stabg,(1n)).
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number of Hopf-Galois structures of type N which realise G.
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Strategy

The strategy of categorising and counting Hopf-Galois structures becomes:
e Give a characterisation for the groups N we want to study.

e For each N, compute the transitive subgroups G of Hol(N) (NB: for a
Galois extension, |G| = |N|, so look at regular subgroups).

e Determine which G are isomorphic as permutation groups (that is, for
two such groups Gi, Gy, there is an isomorphism between them which
takes Stabg, (1y) to Stabg,(1n)).

e Compute Aut(G, G’) in each case, and use Lemma 1.2 to count the
number of Hopf-Galois structures of type N which realise G.

e Suppose one finds a Gy < Hol(N;p) and a Ga < Hol(N,) with
G1 = Gp, then we see that G; = G» admits Hopf-Galois structures of
types Ny and Nb.
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Squarefree extensions

We look at separable (but not necessarily normal) field extensions of
squarefree degree.
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Squarefree extensions

We look at separable (but not necessarily normal) field extensions of
squarefree degree.

e Part |: extensions of degree pg where p, g distinct odd primes.
e Part Il: other degree pg extensions.

e Part Ill: more general squarefree extensions

e Part llla: extensions of degree pgr where p, g, r distinct odd
primes.

e Part lllb: extensions of degree n = p;y - - - p, Where
pi = 2piy1 + 1.

e Part lllc: what's next?
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Remark 1.3
- Byott & Alabdali [AB20] looked at Galois extensions of squarefree degree.
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Remark 1.3

- Byott & Alabdali [AB20] looked at Galois extensions of squarefree degree.
- Byott & Martin-Lyons [BML22] looked at separable extensions of degree
pq with p=2q+ 1 (q is a Sophie Germain prime and p is a safe prime) -
this was talked about in last year's conference.
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- This talk extends that theory.- The work of Crespo & Salguero in [CS20]
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An abstract group of order pg has presentation:
N==(o,7|0P =79=17101 ! =0k

where k is either 1 or has order ¢ mod p, giving the two groups C,q and
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Cyclic case

Let N = Cpq and:

p—1=q%e .. e,
q—1=100 -t

e > 0,¢e,fi >0for 1 <i<m, and max{em, fm} > 0.
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Cyclic case

Let N = Cpq and:

p—1=q% L,
q_1:g{1.‘.glf7r7n’

e > 0,¢e,fi >0for 1 <i<m, and max{em, fm} > 0.
Aut(N) = Aut({o)) x Aut(()) is generated by the following elements:
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Cyclic case

Let N = Cpq and:

p—1=q% -,
q—1=100 -t

e > 0,¢e,fi >0for 1 <i<m, and max{em, fm} > 0.
Aut(N) = Aut({o)) x Aut(()) is generated by the following elements:

a € Aut((0)) s.t. ord(a) = g%,
a; € Aut((o)) s.t. ord(aj) = €7,
Bi € Aut((7)) s.t. ord(5;) = Eif",
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Cyclic case

Let N = Cpq and:

p—1=q% -,
q—1=100 -t

e > 0,¢e,fi >0for 1 <i<m, and max{em, fm} > 0.
Aut(N) = Aut({o)) x Aut(()) is generated by the following elements:

a € Aut((0)) s.t. ord(a) = g%,
a; € Aut((o)) s.t. ord(aj) = €7,
Bi € Aut((7)) s.t. ord(5;) = Eif",

Aut(N) = (a) x (a1, f1) X -+ X (Om, Bm)-
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Transitive subgroups of the unique Hall {p, g}-subgroup H = (o, 7, c):
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Transitive subgroups of the unique Hall {p, g}-subgroup H = (o, 7, c):

N,

H,

._ 0—<0t
i = <0‘, [7‘, af }> )

Every transitive subgroup of Hol(/N) must contain either N or some J; ¢;
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Transitive subgroups of the unique Hall {p, g}-subgroup H = (o, 7, c):

N,

H,

._ 0—<0t
i = <U, |:7', af }> )

Every transitive subgroup of Hol(/N) must contain either N or some J; ¢;
N is normalised by Aut(N); J; , is normalised by Aut({c)). So any
transitive subgroup of Hol(/N) has of one of the following two forms:
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Transitive subgroups of the unique Hall {p, g}-subgroup H = (o, 7, c):

N,

H,

_ 0—<0t
i = <U, |:7', af }> )

Every transitive subgroup of Hol(/N) must contain either N or some J; ¢;
N is normalised by Aut(N); J; , is normalised by Aut({c)). So any
transitive subgroup of Hol(/N) has of one of the following two forms:

N x A, A any subgroup of Aut(N)
Jt.c, @ B, B any subgroup of Aut((c))
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— ey em—¢
Subgroups of Aut({c)): (a9 % at ... abm e
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m

—q €11 em—cm
Subgroups of Aut((o)): <oﬂe° °t°,af1 B ol ey Subgroups

of Aut(N) are of the form Ay x Ay X - -+ X A, where Ag < (), and
Ai <Aaj, Bi).
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—q €11 em—cm
Subgroups of Aut({c)): { ad® °t°,af1 Tl t"'>. Subgroups

of Aut(N) are of the form Ay x Ay X - -+ X A, where Ag < (), and
Ai <Aaj, Bi).
Lemma 2.1

The subgroups of («;, 3;) are as follows:
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of Aut(N) are of the form Ay x Ay X - -+ X A, where Ag < (), and
Ai <Aaj, Bi).
Lemma 2.1

The subgroups of («;, 3;) are as follows:

S~y it

. L. )
(’) o' 76,” s
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—q €11 em—cm
Subgroups of Aut({c)): { ad® °t°,ai1 Tl t"'>. Subgroups

of Aut(N) are of the form Ay x Ay X - -+ X A, where Ag < (), and
Ai <Aaj, Bi).

Lemma 2.1

The subgroups of («;, 3;) are as follows:

S fi—diy
(i){ o

0.
76,'I 9

1

&—ci éfi —di;

3 wx .
(ii) a? b B ,
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—q €11 em—cm
Subgroups of Aut({c)): { ad® °t°,ai1 B ol ey Subgroups

’ y Ym

of Aut(N) are of the form Ay x Ay X - -+ X A, where Ag < (), and
Ai <Aaj, Bi).

Lemma 2.1

The subgroups of («;, 3;) are as follows:

Andrew Darlington (University of Exeter) Hopf-Galois Structures on Separable Field Exi 9/37



—q €11 em—cm
Subgroups of Aut({c)): { ad® °t°,ai1 Tl t"'>. Subgroups

of Aut(N) are of the form Ay x Ay X - -+ X A, where Ag < (), and

’ y Ym

Ai < {aj, Bi).
Lemma 2.1

The subgroups of («;, 3;) are as follows:

s,—c _di2

() { ot ,
(i) Y

(iii) a?ie" ,-i B

Conditions on indices omitted.
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Lemma 2.2 (isomorphisms)
Let A,A" < Aut(N) and B, B’ < Aut({o)).
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Lemma 2.2 (isomorphisms)
Let A, A" < Aut(N) and B, B" < Aut((0)).Then

NxAXNxA = A=A

and
JtoyXB2 Uiy x B = B="B.
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Lemma 2.2 (isomorphisms)
Let A, A" < Aut(N) and B, B" < Aut((0)).Then

NxAXNxA = A=A

and
JtoyXB2 Uiy x B = B="B.

Further, we have that J; ¢, = Jp o, Vt, t' coprime to q.
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Lemma 2.2 (isomorphisms)
Let A, A" < Aut(N) and B, B" < Aut((0)).Then

NxAXNxA = A=A

and
JtoyXB2 Uiy x B = B="B.

Further, we have that J; ¢, = Jp o, Vt, t' coprime to q.

Theorem 2.3

For groups of type N x A for some A < Aut(N), or of type Ji o, X B for
some B = {1}, there is a unique Hopf-Galois structure of cyclic type.
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and
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Theorem 2.3
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Lemma 2.2 (isomorphisms)
Let A, A" < Aut(N) and B, B" < Aut((0)).Then

NxAXNxA = A=A

and
Jtqp X B = Jp gy B — B=2F.

Further, we have that J; ¢, = Jp o, Vt, t' coprime to q.

Theorem 2.3

For groups of type N x A for some A < Aut(N), or of type Ji o, X B for
some B = {1}, there is a unique Hopf-Galois structure of cyclic type.
For groups of type J; ,, there are p Hopf-Galois structures of cyclic type.

G = ((Cp x Cgaogy) X (Cq % Cay)) X Cay

where di, d», d3 are some divisors of ¢(n) coprime to n.
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We have, in total:

(1+e) [ (e+1)(f+D)+A(F —1)+Z] +e0 J] (e +1)

1<i<m 1<i<m

isomorphism types of permutation groups G of degree pg which are
realised by a Hopf-Galois structure of cyclic type. (¥; gives a count of the
number of subgroups of («;, 3;) of type (iii), formula omitted).

Remark 2.4

Settingeg=1,01 =2, e1 =1, f=r, s =02 .. ffm =0 for2<i<n,
and noting that ¥; =0 for 1 < j < n, we retrieve the result of Byott and

Martin-Lyons that there are

(6r+4) [ (fi+1)+2=(6r+4)oo(s) +2

2<i<n

(00(s) counts the number of divisors of s) isomorphism types of
permutation groups G of degree pq (with p =2q + 1 a Sophie Germain
prime pair) which are realised by a Hopf-Galois structure of cyclic type.
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Metabelian case

Let N = C, x Cy. Aut(N) has order p(p — 1) = pq®s where s | p— 1

coprime to g, and is generated by «, (3, € of orders g®, s, p respectively
such that

ao) = o, afr) =T,
B(o) = 0%, B(r) =,
e(o) = o, e(rt) =oT.
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Metabelian case

Let N = C, x Cy. Aut(N) has order p(p — 1) = pq®s where s | p— 1
coprime to g, and is generated by «, (3, € of orders g®, s, p respectively

such that
a(o) = o, af T,
plo) = o, Alr) =,
e(o) = o, e(rt) =oT.

[Hol(N)| = p*q®*s
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Metabelian case

Let N = C, x Cy. Aut(N) has order p(p — 1) = pq®s where s | p— 1
coprime to g, and is generated by «, (3, € of orders g®, s, p respectively

such that

a(o) = o,
5(0) = 0%,

e(o) = o,

[Hol(N)| = p*q®*s
ldea: (oek=1)r = 7(0ek™1), so:

Hol(N) = (0, 7) x (a, B, €) = (
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Metabelian case

Let N = C, x Cy. Aut(N) has order p(p — 1) = pq®s where s | p— 1
coprime to g, and is generated by «, (3, € of orders g®, s, p respectively

such that

a(o) = o,
5(0) = 0%,
e(o) = o,

[Hol(N)| = p*q®*s
ldea: (oek=1)r = 7(0ek™1), so:

k

a(t) =T,
B(r) =,
e(rt) =oT.

Hol(N) = (0, 7) % (o, B,€) = (0, 0¢"™Y) x (1,0, B) =2 IFf, x (T,A,B).

k 0
= 1)

B

ag 0
0 35
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Identify IF‘,2J = (e1,e) with (o, 0ek1).
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Identify IFIZJ = (e1,e) with (o, 0ek1).

Lemma 2.5

A subgroup M of Hol(N) is transitive on N if and only if it satisfies the
following two conditions:
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Identify IFI% = (e1,e) with (o, 0ek1).
Lemma 2.5

A subgroup M of Hol(N) is transitive on N if and only if it satisfies the
following two conditions:
(i) the image of M under the quotient map Hol(N) — (T, A, B) is one of
<TA“qe°7c°, Bs/d>, u€e(2/q°Z2)*,0< co < e, d|s,
<T, AICTO Bs/d>, 1<c<e, d|s.

(i) MNP is one of F2, Fpe1, Fpez, each of which is normalised by
(T,A,B).
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Lemma 1

The transitive subgroups of order divisible by p>q are:
(i) Px <TA”qe°_C°, Bs/d>, u€(Z/qZ)*, 0< ¢y < ey, d|s. These
groups have order dp?gma{1.co},
(ii) P x <T,Aqe°7C°, Bs/d>, 1< cg < ey, d|s. These groups have order
dp2gite.
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Lemma 1
The transitive subgroups of order divisible by p>q are:
(i) Px <TA”qe°_°°, Bs/d>, u€(Z/qZ)*, 0< ¢y < ey, d|s. These
groups have order dp?gma{1.co},
(ii) P x <T,Aqe°7C°, Bs/d>, 1< cg < ey, d|s. These groups have order
dp2gite.

Now suppose p? { |M|, we have that, for some 0 < ¢g < ey,
ue (Z/q°Z)*, d|s, and A\, pu,v € Fp, M is generated by the set:

(1 {e,-, [\e;, TAYI" "] [ue;, Bs/d]}, or the set

1) v, e A1 e, 51
where i € {1,2}.
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Group Structure
P x <T, AT Bs/d> (N x (Cp % Cqn)) % Cq
P x <TAuqe°*C°, Bs/d>, (co,u) # (0, u), (1, —1) F2 1, Chgeo
P x (T,Bs/9) ((Cp x Cg) x Cp) x Cy
(el, T, B* d> Cp X qu
(e1, TAUG®™® 'Bs/d) ' (cq, u) # (0, u), (1, 1) Cp % Cageo
<e17 TAiqeo_la Bs/d> (CP X Cd) X Cq
(ela T7Aq607607 Bs/d> (CP X quco) X Cq
(e2, TA-T* ", Be/) Co % Caq
(ex, T, BS/9) (Cp x Cy) x G4

Table: Isomorphism types of transitive groups for N metabelian.
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Group Structure
(ep, TAUGO™® Bs/d) Cp % Cgeo
(e2, T,Aqerco; Bs/d> (Cp X Cygo) x Cq

(e1, T) Co x Cq
(e1, TAYI®™) (co, u) # (0, u), (1, 1) Cp % Cqo
(e1, TA_q9071> Coq
(e1, T, AI°"7) (Cp % Cyeo) X C4
(ep, TA"9° ) C, % C,
(€2, T) Coq
(en, TAUIO™) Cp % Cyqo
(ep, T, AT°"7) (Cp x Cguo) % C4

Table: Isomorphism types of transitive groups for N metabelian.
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M = MO Aut(N) = M (e; — e, A, B)

Structure #groups |Aut(M, M")] #HGS
(N % (CpxCgen)) X Cq, c0#0 1 2p(p—1) 2
(Cpx Cq) x G 2 p’(p—1) 2p
F2 3ty Cgeo, (0, u) # (0, ), (1, —1), 2 p’(p—1) 2p
u€ (2/q®Z)* \ {3(a® — q® 1)}
F3 %1 (g0_go1) Cam, G0 # 0 1 2p%(p— 1) 2p
(Cox(CoxnCg))xCq,d>1 2 p(p—1) 2
IF?, Xy Cdgeo, (co,u) # (0,u),(1,-1),d > 1 2 p(p—1) 2
u € (Z/q*z)*\ {3(¢® — q* 1)}
Fi Xl(quq%*l) quco, c#0,d>1 1 2p(p — 1) 2
Cp % Cdgo, (co,d) #(1,1), (0, d) 2pp(q°) p—1 2(q®)
Cp > Cq 2p(g—1)+2| plp—1) |2p(g—2)+2
(Cp % Cago) X Cq 2p (p—1(g-1) ] 2(q—1)

Table: Transitive subgroups for N metabelian.
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Theorem 2.6
In total, there are

1
0‘0(5) 3eg + 2 + §(qe° = 1)

isomorphism types of permutation groups G of degree pq which are
realised by Hopf-Galois structures of non-abelian type C, x Cg.

Structure # cyclic type HGS | # non-abelian type HGS
(Cp x Cageo) x Cq 1 2(g—1)
Cp % Cageo, (0, d) # (1, 1), (0, d) 1 20(q%)
Co x Gy p 2p(g—2)+2

Table: Groups admitting Hopf-Galois structures of both types.
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Remark 2.7
Specialising to the Sophie Germain case, we obtain
23+2+ 1(g—1)) = g+ 9 isomorphism types. This retrieves the result

of Byott & Martin-Lyons.
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Main comparisons:

e The arbitrary ¢y introduces many more groups to work with.
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Remark 2.7

Specialising to the Sophie Germain case, we obtain

23+2+ 1(g—1)) = g+ 9 isomorphism types. This retrieves the result
of Byott & Martin-Lyons.

Main comparisons:
e The arbitrary ¢y introduces many more groups to work with.
e We think about u € (Z/q%Z)* instead of just 1 < u < q— 1.

Andrew Darlington (University of Exeter) Hopf-Galois Structures on Separable Field Exi 19/37



Remark 2.7

Specialising to the Sophie Germain case, we obtain

23+2+ 1(g—1)) = g+ 9 isomorphism types. This retrieves the result
of Byott & Martin-Lyons.

Main comparisons:
e The arbitrary ey introduces many more groups to work with.
e We think about u € (Z/q%Z)* instead of just 1 < u < q— 1.

e groups of the same order seem to reflect Sophie-Germain case - there
aren't many more starkly different structures arising.
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Remark 2.7

Specialising to the Sophie Germain case, we obtain

23+2+ 1(g—1)) = g+ 9 isomorphism types. This retrieves the result
of Byott & Martin-Lyons.

Main comparisons:

The arbitrary ey introduces many more groups to work with.
We think about u € (Z/q%Z)* instead of just 1 < u < gq—1.

groups of the same order seem to reflect Sophie-Germain case - there
aren't many more starkly different structures arising.

B*$/9 behaves almost exactly the same as to when s = 2 in
Sophie-Germain.
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Intermediate fields

L/K is only one degree pq intermediate field between E and K. What
about the others? There's no guarantee that the Hopf-Galois structures on
these fields F even exist!
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Intermediate fields

L/K is only one degree pq intermediate field between E and K. What
about the others? There's no guarantee that the Hopf-Galois structures on
these fields F even exist!
Recall the two groups G and G’; together we can consider the pair (G, G')
a permutation group. Here G’ is a subgroup of index n and trivial core,
that is

Coreg(G') = NgeceGlg ™ = {1}.

We work with the index pg subgroups H of G (so that F = HF).
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Intermediate fields

The possibilities:
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— H is conjugate to G’ (thus F is conjugate to L).
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Intermediate fields

The possibilities:
— H is conjugate to G’ (thus F is conjugate to L).

— H is not conjugate to G’, but there is some ¢ € Aut(G) with
P(G") =H.
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Intermediate fields

The possibilities:
— H is conjugate to G’ (thus F is conjugate to L).
— H is not conjugate to G’, but there is some ¢ € Aut(G) with
»(G") = H.
— G’ and H lie in separate Aut(G)-orbits, but
Coreg(H) := ﬂgechg_l ={1}.
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Intermediate fields

The possibilities:
— H is conjugate to G’ (thus F is conjugate to L).
— H is not conjugate to G’, but there is some ¢ € Aut(G) with
»(G") = H.
— G’ and H lie in separate Aut(G)-orbits, but
Coreg(H) := ﬂgechg_l ={1}.
e H and G’ may or may not be isomorphic as abstract groups.
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Intermediate fields

The possibilities:
— H is conjugate to G’ (thus F is conjugate to L).
— H is not conjugate to G’, but there is some ¢ € Aut(G) with
#(G') = H.
— G’ and H lie in separate Aut(G)-orbits, but
Coreg(H) := ﬂgechg_l = {1}.
e H and G’ may or may not be isomorphic as abstract groups.
e F/K may or may not admit a Hopf-Galois structure; if it does,
then (G, H) will show up as a transitive subgroup of Hol(N) for
some N of order n.
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Intermediate fields

The possibilities:
— H is conjugate to G’ (thus F is conjugate to L).
— H is not conjugate to G’, but there is some ¢ € Aut(G) with
#(G') = H.
— G’ and H lie in separate Aut(G)-orbits, but
Coreg(H) := ﬂgechg_1 = {1}.
e H and G’ may or may not be isomorphic as abstract groups.
e F/K may or may not admit a Hopf-Galois structure; if it does,
then (G, H) will show up as a transitive subgroup of Hol(N) for
some N of order n.

— G’ and H lie in separate Aut(G)-orbits and C := Coreg(H) # {1},
and so F would have smaller normal closure, E€, yielding the
permutation group (G/C, H/C).
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Intermediate fields

The possibilities:

— H is conjugate to G’ (thus F is conjugate to L).

— H is not conjugate to G’, but there is some ¢ € Aut(G) with
#(G') = H.

— G’ and H lie in separate Aut(G)-orbits, but
Coreg(H) := ﬂgechg_1 = {1}.

e H and G’ may or may not be isomorphic as abstract groups.

e F/K may or may not admit a Hopf-Galois structure; if it does,
then (G, H) will show up as a transitive subgroup of Hol(N) for
some N of order n.

— G’ and H lie in separate Aut(G)-orbits and C := Coreg(H) # {1},
and so F would have smaller normal closure, E€, yielding the
permutation group (G/C, H/C).

e We again ask ourselves if this corresponds to a transitive
subgroup of some Hol(N).
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Intermediate fields

We compute the index pq subgroups H of G and categorise them in terms
of
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We compute the index pq subgroups H of G and categorise them in terms
of

e conjugacy class,
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Intermediate fields

We compute the index pq subgroups H of G and categorise them in terms
of

e conjugacy class,
e orbits under Aut(G),
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Intermediate fields

We compute the index pq subgroups H of G and categorise them in terms
of

e conjugacy class,
e orbits under Aut(G),

e abstract isomorphism class.
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Intermediate fields

We compute the index pq subgroups H of G and categorise them in terms
of

e conjugacy class,
e orbits under Aut(G),

e abstract isomorphism class.

We also need to compute C = Coreg(H), and then we take G/C to see if
it appears in the list of transitive subgroups of Hol(/N). For n = pq, we
find that all intermediate field extensions admit at least one
Hopf-Galois structure.
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Intermediate fields

For p =2q + 1, it is feasible to compute everything very explicitly.
However, making use of a generalisation of Sylow's theorems, we can
approach the problem very efficiently even for the general pg case. In
short, the work can be summarised in the following two tables:

Subgroup condition | #Conj. classes | #Aut(G)-orbits | #lsom. classes
q° 116 1 1 1
q° | |G|, not (*) 2 2 2
g 1G], (*) 2 2 1

Table: Results for index pg subgroups of Hol(N) for N cyclic.

Where (*) is the condition that G contains no automorphisms with order
coprime to pg, along with ¢y = 1.
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Intermediate fields

For p =2q + 1, it is feasible to compute everything very explicitly.
However, making use of a generalisation of Sylow's theorems, we can
approach the problem very efficiently even for the general pg case. In
short, the work can be summarised in the following two tables:

Order of index pg subgroup | #Conj. classes
pd 4
pg©1d, o> 1 4(g+1)
pg®d, cg >0 4(qg+1)
d 1
g 1d, g >1 g+1
gd, cg >0 g+1

Table: Results for index pg subgroups of Hol(N) for N metabelian.
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Intermediate fields

For p =2qg+ 1, it is feasible to compute everything very explicitly.
However, making use of a generalisation of Sylow's theorems, we can
approach the problem very efficiently even for the general pg case. In
short, the work can be summarised in the following two tables:

#Aut(G)-orbits #lsom. classes
27 (a0, 4) = (L 3(q ~ 1), 1
3 otherwise

3 1

g+3ifc=1,

©(q©) + 6 otherwise

1 1
1 1
2

Table: Results for index pg subgroups of Hol(N) for N metabelian.
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Intermediate fields

There is a pattern in the tables; it looks like the groups divisible by the

same powers of p and g behave pretty much the same regardless of the
other factors coprime to pgq.
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same powers of p and g behave pretty much the same regardless of the
other factors coprime to pgq.

- Hall's theorem tells us why this is the case for conjugacy classes.
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Intermediate fields

There is a pattern in the tables; it looks like the groups divisible by the
same powers of p and g behave pretty much the same regardless of the
other factors coprime to pgq.

- Hall's theorem tells us why this is the case for conjugacy classes.

- It can be proved that this is the case for the Aut(G) orbits for the
general pq case, but for more general squarefree n, the arguments look like
they are a little more subtle.

Andrew Darlington (University of Exeter) Hopf-Galois Structures on Separable Field Exi 26 /37



Intermediate fields

There is a pattern in the tables; it looks like the groups divisible by the
same powers of p and g behave pretty much the same regardless of the
other factors coprime to pgq.

- Hall's theorem tells us why this is the case for conjugacy classes.

- It can be proved that this is the case for the Aut(G) orbits for the
general pq case, but for more general squarefree n, the arguments look like
they are a little more subtle.

It may also be the case that for more general squarefree n, we find
intermediate fields which don’t admit Hopf-Galois structures...
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What's next?

There are a few ways to generalise:
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prime pair,
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What's next?

There are a few ways to generalise:
e pgr, p,q,r distinct odd primes,
e p=2g+1,q9g=2r+1, (p,q),(q,r) safe prime - Sophie Germain
prime pair,

e p1=2pp+1,pp=2p3+1,--, pm_1 = 2pm + 1, Cunningham chain
of length m,
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What's next?

There are a few ways to generalise:
e pgr, p,q,r distinct odd primes,
e p=2g+1,q9g=2r+1, (p,q),(q,r) safe prime - Sophie Germain
prime pair,
e p1=2pp+1,pp=2p3+1,--, pm_1 = 2pm + 1, Cunningham chain
of length m,
e general squarefree separable extensions.

Andrew Darlington (University of Exeter) Hopf-Galois Structures on Separable Field Exi 27 /37



pqr
Let n = pqr where p > g > r distinct odd primes.
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pqar
Let n = pgr where p > g > r distinct odd primes.

Gld.e k) = <U’T |o¢ =77 =1g,707 " :Uk>

where pgr = de, ord.(k) = d. Further, let z = gcd(k — 1, €), and
g = e/z. Due to the conditions in [Byo96], we obtain the following six
factorisations, giving rise to r + 4 groups:

d| g z Condition #groups
1 1 | pgr 1

r| g p g=1 (modr) 1
r|p q p=1 (mod r) 1
rigp| 1 | g=p=1(modr) r—1
g | p r p=1 (mod q) 1

rq| p 1 p=1 (mod rq) 1

Table: Groups of order pgr
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Let N = Cpgr = (0,7, p | 0P = 79 = p" = 1, abelian), with

p—1=rogoulgt . (2,
q_1=qfqg{1...g§m,

r—1=/¢mn... fhn
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Let N = Cpqr = (0, 7,p | 0P = 79 = p" = 1, abelian), with

p—1= gt
q—l:qfqg?...£§m7

r—1=/¢mn... fhn
Let

a € Aut((o)

B € Aut({o)) of order g%,
a; € Aut((o)) of order £5,
v € Aut((1)) of order rfr,
Bi € Aut((r)) of order El.f",
~i € Aut({p)) of order E;”'.

) of order r®,
)

((
((
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Let N = Cpqr = (0, 7,p | 0P = 79 = p" = 1, abelian), with

Let

So

p—1= gt
q—lzqqu?...£§m7

r—l:g?le‘gm

a € Aut((o)

B € Aut({o)) of order g%,
a; € Aut((o)) of order £5,
v € Aut((1)) of order rfr,
Bi € Aut((r)) of order El.f",
~i € Aut({p)) of order E;”'.

) of order r®,
)

{
{

AUt(N) = <ﬁ> X <Oé,’)/> X <a1a61771> X X <O‘m76m77m>'
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The following are the transitive subgroups of the unique Hall
{p, q, r}-subgroup H = (o, 7, p, v, B,7):

A) N = Coqr,

B) (0., [r, 89 1) 2 (G % Co) €,

C) (o7, [P, a2 ) 2 g 1 G,
D) (o[, 8

sq—d]’ [p’ asrfr—f]> = CP X qurf'

—_~ o~ o~ o~
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The following are the transitive subgroups of the unique Hall
{pa q, r}—subgroup H = <U7 T, P, &, /37’7>3
(A) N = Cpqr,
eq—d
(B) (o, p, [, 8497 1) 2 (Cp % Cye) X G,
( ) tlrer—e fr—f
(D)

,Yslrr— ]> ~ Cpq N Cr,
srf’_f ~
]7 [p,a ]> = CP X qurf

Q) (o, 7, [P «
D) (o [r, """
We see that (A) is normalised by Aut(N), (B) is normalised by

Aut((o)) x Aut({p)), (C) is normalised by Aut((c)) x Aut({7)), and (D) is
normalised by Aut({(c})
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We now have the problem of finding subgroups of {(«;, 5;,7i ).

Andrew Darlington (University of Exeter) Hopf-Galois Structures on Separable Field Exi



We now have the problem of finding subgroups of («;, 5i,7i ). We now ask
"what are the subgroups of an arbitrary abelian rank 3 ¢;-group?”;
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We now have the problem of finding subgroups of («;, 5i,7i ). We now ask
"what are the subgroups of an arbitrary abelian rank 3 ¢;-group?”; in more
generality (for n = p1 - pm), we have the problem of finding all subgroups
of an arbitrary rank m £;-group. This is a hard problem in general.
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of an arbitrary rank m £;-group. This is a hard problem in general.
Ideas

e There is a concrete formula known for m = 3.

e No concrete formula exists for m > 3, but there are algorithms and
asymptotic formulae.

e We can focus on the general forms of these subgroups, which we can
obtain by looking at row echelon forms of m x m matrices.
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We now have the problem of finding subgroups of («;, 5i,7i ). We now ask
"what are the subgroups of an arbitrary abelian rank 3 ¢;-group?”; in more
generality (for n = p1 - pm), we have the problem of finding all subgroups
of an arbitrary rank m £;-group. This is a hard problem in general.
Ideas

e There is a concrete formula known for m = 3.

e No concrete formula exists for m > 3, but there are algorithms and
asymptotic formulae.

We can focus on the general forms of these subgroups, which we can
obtain by looking at row echelon forms of m x m matrices.

For m = 3, there are seven distinct forms.
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e We can focus on the general forms of these subgroups, which we can
obtain by looking at row echelon forms of m x m matrices.

e For m = 3, there are seven distinct forms.

e In general, there are 2 — 1 possible row echelon forms (or 2™
including the zero matrix).
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We now have the problem of finding subgroups of («;, 5i,7i ). We now ask
"what are the subgroups of an arbitrary abelian rank 3 ¢;-group?”; in more
generality (for n = p1 - pm), we have the problem of finding all subgroups
of an arbitrary rank m £;-group. This is a hard problem in general.
Ideas

e There is a concrete formula known for m = 3.

e No concrete formula exists for m > 3, but there are algorithms and
asymptotic formulae.

e We can focus on the general forms of these subgroups, which we can
obtain by looking at row echelon forms of m x m matrices.

e For m = 3, there are seven distinct forms.

e In general, there are 2 — 1 possible row echelon forms (or 2™
including the zero matrix).

e Restrict the relationship between the primes in the factorisation of n.
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Cunningham chains
Let n=p1---pm, where pr =2po +1,-+- , pm_1 = 2pm + 1 (they form a
Cunningham chain of length m).
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Cunningham chains

Let n=p1---pm, where pr =2po +1,-+- , pm_1 = 2pm + 1 (they form a
Cunningham chain of length m).

Conjecture 3.1

For any natural number m, there are infinitely many Cunningham chains of
length m.
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Cunningham chain of length m).

Conjecture 3.1

For any natural number m, there are infinitely many Cunningham chains of
length m.

There are m different abstract groups of order n:
o N=(,,

o N; =G xCpyxoo-x(CpxCpyy) X xCy xCp1<i<m—1.
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Cunningham chains

Let n=p1---pm, where pr =2po +1,-+- , pm_1 = 2pm + 1 (they form a
Cunningham chain of length m).

Conjecture 3.1

For any natural number m, there are infinitely many Cunningham chains of
length m.

There are m different abstract groups of order n:
o N=(,,
o N; =G xCpyxoo-x(CpxCpyy) X xCy xCp1<i<m—1.

Remark 3.2

The special case m = 2 (where p = 2q + 1 with (p, q) a safe prime -
Sophie Germain prime pair) is given by the work of Byott and
Martin-Lyons in [BML22].
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Cunningham chains

Let n=p1---pm, where pr =2po +1,-+- , pm_1 = 2pm + 1 (they form a
Cunningham chain of length m).

Conjecture 3.1

For any natural number m, there are infinitely many Cunningham chains of
length m.

There are m different abstract groups of order n:
o N=(,,
o N; =G xCpyxoo-x(CpxCpyy) X xCy xCp1<i<m—1.

Remark 3.2

The special case m = 2 (where p = 2q + 1 with (p, q) a safe prime -
Sophie Germain prime pair) is given by the work of Byott and
Martin-Lyons in [BML22].

We can treat all the N; in one discussion. Thus we have the two cases of
Hol(C,), and Hol(N;) = Hol(C,

/p,-p,-+1) X Ho'(CPi A CPH—l)'
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For N = C,, we have Aut(N) is generated by:

a1, B1 € Aut({o1)) of orders py, 2 respectively,
ag, B2 € Aut({o2)) of orders p3, 2 respectively,

am—1, Bm-1 € Aut({om_1)) of orders pp,, 2 respectively,
7,0 € Aut((om)) of orders 2%, s respectively.
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a1, B1 € Aut({o1)) of orders py,2 respectively,
ag, B2 € Aut({o2)) of orders p3,2 respectively,

am—1, Bm-1 € Aut({om_1)) of orders pp,, 2 respectively,
7,0 € Aut((om)) of orders 2%, s respectively.

Thus

Hol(N) = (o1, ,om) ¥ ({1) X -+ X {@m-1) X (B1,*+ , Bm—1,7) X (6))
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ag, B2 € Aut({o2)) of orders p3,2 respectively,

am—1, Bm-1 € Aut({om_1)) of orders pp,, 2 respectively,
7,0 € Aut({om,)) of orders 2| s respectively.

Thus
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We will need to find the subgroups of Aut(/N), and in particular, the
subgroups of the rank [ abelian 2-group (51, , Bm—1,7)-
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The regular subgroups of Hol(N) are of the form

<Ul7 [027a]t_1]7 R [Ulvaf;:i >

where all but possibly one t; are zero, and in the case that t; # 0, we have
1<t <p1—1
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The regular subgroups of Hol(N) are of the form

<Ula [027 ail]v R} [Ul7 af;:i >
where all but possibly one t; are zero, and in the case that t; # 0, we have
1 < t; < pjy1 — 1.All transitive subgroups of Hol(N) are given by J x A,
where J is a regular subgroup of Hol(N) and A is some subgroup of
Aut(N) which normalises J.
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The regular subgroups of Hol(N) are of the form

<Ula [UZa Ckil], R} [Ula af;-,":i >
where all but possibly one t; are zero, and in the case that t; # 0, we have
1 < t; < pjy1 — 1.All transitive subgroups of Hol(N) are given by J x A,
where J is a regular subgroup of Hol(N) and A is some subgroup of
Aut(N) which normalises J.In total:

m—1m—-1—k 2:+k
2M3050(s) [4Xm + (M — 2)X 1] + 272 ( H )

k=0 i=1

isomorphism types of permutation groups G of degree n which are realised
by a Hopf-Galois structure of cyclic type.
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The regular subgroups of Hol(N) are of the form

<Ula [UZa Ckil], R} [Ula af::i >
where all but possibly one t; are zero, and in the case that t; # 0, we have
1 < t; < pjy1 — 1.All transitive subgroups of Hol(N) are given by J x A,
where J is a regular subgroup of Hol(N) and A is some subgroup of
Aut(N) which normalises J.In total:

m—1m—-1—k 2:+k
2M3050(s) [4Xm + (M — 2)X 1] + 272 ( H )

k=0 i=1

isomorphism types of permutation groups G of degree n which are realised
by a Hopf-Galois structure of cyclic type. Each isomorphism type has a
unique such Hopf-Galois structure, unless for J = N; for some i, we have
J x A, where AN Aut((op;)) = {1}; in which case, there are p;
Hopf-Galois structures.
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For N;, we see that Hol(N;) = Hol(C,/p,p,.,)
therefore rely on the above theory for Hol(C,
Hol(Cy, ¢ o).

x Hol(Cp, % Cp,,;). We can

/pipisa ) and on [BML22] for
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For Nj, we see that Hol(N;) = Hol(C,/p,p,,,) X Hol(Cp, % Cp,,). We can
therefore rely on the above theory for Hol(C, /., ), and on [BML22] for
Hol(Cp, » Gy )-

The main challenge is making sure all transitive subgroups are found, as
there are transitive subgroups of Hol(/;) which aren’t of the form

My x M where My, My respectively are transitive subgroups of the two
factors of Hol(N), and then deciding when groups are isomorphic as
permutation groups.
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For Nj, we see that Hol(N;) = Hol(C,/p,p,,,) X Hol(Cp, % Cp,,). We can
therefore rely on the above theory for Hol(C, /., ), and on [BML22] for
Hol(Cp, » Gy )-

The main challenge is making sure all transitive subgroups are found, as
there are transitive subgroups of Hol(/;) which aren’t of the form

My x M where My, My respectively are transitive subgroups of the two
factors of Hol(N), and then deciding when groups are isomorphic as
permutation groups.

The subgroups of interest are the 2-groups and the p;-groups...
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Conclusion and future

e The computations for the general length m Cunningham chains work
are still underway, but they look to be very doable.
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Conclusion and future

e The computations for the general length m Cunningham chains work
are still underway, but they look to be very doable.

e The m = 3 case has been fully computed, and isn't that much of a
specialisation from the general m work.
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Conclusion and future

e The computations for the general length m Cunningham chains work
are still underway, but they look to be very doable.

e The m = 3 case has been fully computed, and isn't that much of a
specialisation from the general m work.

e There is a lot more work to be done on the general pgr case, and it is
not currently known how much is actually feasible to write down or
how much we can treat different groups in a single discussion (like in
the Cunningham chains work).
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Conclusion and future

e The computations for the general length m Cunningham chains work
are still underway, but they look to be very doable.

e The m = 3 case has been fully computed, and isn't that much of a
specialisation from the general m work.

e There is a lot more work to be done on the general pgr case, and it is
not currently known how much is actually feasible to write down or
how much we can treat different groups in a single discussion (like in
the Cunningham chains work).

e A good next step to the majority of these is to work out the index n
subgroups and look at Hopf-Galois structures on the intermediate
extensions.
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